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We show that the quantification of entanglement of any rank-2 state with any polynomial entanglement mea-
sure can be recast as a geometric problem on the corresponding Bloch sphere. This approach provides novel
insight into the properties of entanglement and allows us to relate different polynomial measures to each other,
simplifying their quantification. In particular, unveiling and exploiting the geometric structure of the concur-
rence for two qubits, we show that the convex roof of any polynomial measure of entanglement can be quantified
exactly for all rank-2 states of an arbitrary number of qubits which have only one or two unentangled states in
their range. We give explicit examples by quantifying the three-tangle exactly for several representative classes
of three-qubit states. We further show how our methods can be used to obtain analytical results for entanglement
of more complex states if one can exploit symmetries in their geometric representation.
PACS numbers: 03.67.Mn, 03.65.Ud
I. INTRODUCTION
Ever since entanglement was recognized as a useful re-
source in many quantum information protocols, there has been
a consistent effort to develop a comprehensive framework for
entanglement quantification [1, 2]. However, the promising
results in quantifying bipartite entanglement did not easily
generalize to systems of more parties, where even for the sim-
plest instance of three qubits only a handful of analytical re-
sults have been obtained in special cases [3]. In particular, the
complex optimization problems involved in the quantification
of any measure of multipartite entanglement are a major ob-
stacle to obtaining a full understanding of the properties of
entanglement in general, and to fulfilling a complete classifi-
cation of useful mixed states based on their degrees of entan-
glement.
There are many inequivalent approaches to entanglement
quantification, but one can nevertheless establish a set of ba-
sic rules that a function has to satisfy in order to quantify
the resource character of entanglement. By an entanglement
measure we generally understand a function E which vanishes
only for separable states, is invariant under local unitary trans-
formations, and is non-increasing under local operations and
classical communication (LOCC) [2–6], with the latter prop-
erty meaning that E is a so-called entanglement monotone.
Another often-imposed requirement is for E to be a convex
function [6], which is satisfied by almost all measures of en-
tanglement [1, 3], but is not necessary for LOCC monotonicity
[7].
Given these requirements, one can distinguish in particu-
lar two main classes of entanglement measures: the distance-
based measures, quantifying the distance of a given state ρ
to the set of all separable states according to some suitable
(quasi)distance function [4, 8], and the measures based on the
convex roof, where an entanglement monotone E(|ψ〉) defined
first on the set of pure states is then extended to the set of all
mixed states by minimising its average value over all possible
convex decompositions of the given state ρ into pure states
[9, 10]:
E(ρ) = min
{pi,|ψi〉}
∑
i
piE(|ψi〉), (1)
for every decomposition ρ =
∑
i pi |ψi〉 〈ψi| with pi ≥
0,
∑
i pi = 1. The decomposition(s) {pi, |ψi〉} realising the min-
imum in Eq. (1) is (are) called optimal, and being able to find
any such a decomposition in closed form for any given mixed
state ρ yields a full analytical quantification of the entangle-
ment of ρ according to the measure E. An important property
of the convex roof is that a function obtained this way from a
pure-state measure will always be an entanglement monotone
on all states [6]. More intuitively, the convex roof procedure
can be understood as extending the pure-state measure E(|ψ〉)
to mixed states “as linearly as possible” [11], with E(ρ) be-
ing in fact the largest convex function on the set of all mixed
states which corresponds to E(|ψ〉) on the set of pure states
[10]. Although their purpose is to measure the same resource
— entanglement — the distance- and convex roof-based ap-
proaches are generally inequivalent and not directly related
to each other. A notable link has been established for the so-
called geometric measure of entanglement [12], whose convex
roof extension was found to be equivalent to a distance-based
measure based on fidelity [13].
An important class of pure-state entanglement measures is
constituted by the polynomial measures, based on homoge-
neous polynomial functions in the coefficients of a pure state
|ψ〉 which are invariant under stochastic LOCC (SLOCC) [3].
Any such a polynomial invariant P of homogeneous degree d
can be written as
Pd (c L |ψ〉) = cd Pd (|ψ〉), (2)
for a constant c > 0 and an invertible linear operator L ∈
SL(m,C)⊗n representing a SLOCC transformation [14] on
each of a set of n m-dimensional systems. Then, one can take
an appropriate power p of the absolute value of any polyno-
mial invariant P to construct an entanglement measure on pure
states,
Epd (|ψ〉) = |Pd(|ψ〉)|p. (3)
For n-qubit states (m = 2), the above expression defines a
valid entanglement monotone provided dp ≤ 4 [15, 16]. Let
us stress that, in the following, by d we will always refer to
the degree of the polynomial invariant Pd itself, not the final
homogeneous degree dp of the measure obtained from it. The
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2concept of polynomial invariants can be used to obtain entan-
glement measures for different types of entanglement in any
number of qubits [17, 18] and qudits [19]. Two particularly
common monotones obtained in this way are the concurrence
for two qubits [20, 21] and the three-tangle for three qubits
[22]. Notably, the convex roof extension of the concurrence
can be quantified exactly for any system of two qubits [21],
although analytical solutions for the convex roof of the three-
tangle have been found only in very special cases [23–31] and
the first insights into the solutions of the even more compli-
cated case of the convex roof of four-qubit polynomial mea-
sures have been obtained only recently [32].
In this paper, we develop a geometric approach to under-
standing and quantifying convex roof-extended polynomial
measures of entanglement, establishing a link between ge-
ometric and algebraic methods for entanglement quantifica-
tion. Our approach reveals common relations between dif-
ferent polynomial measures on pure states and allows for a
simplification of the problem of evaluating their convex roof
on mixed states. Specifically, for all rank-2 states of multipar-
tite systems, whose range can be represented geometrically as
a Bloch sphere, we explicitly demonstrate that computing the
entanglement (according to any such polynomial measure) of
arbitrary pure states on the surface of the sphere corresponds
to calculating a product of Euclidean distances from a finite
set of unentangled states (roots of the polynomial measure)
on the sphere. This allows us to look at the problem of quan-
tifying entanglement and evaluating the convex roof for any
mixed state inside the sphere differently — by employing only
elementary Euclidean geometry. When the considered poly-
nomial admits no more than two distinct roots (with equal
multiplicities), we solve the problem completely for all the
states in the corresponding Bloch ball. In particular, we inves-
tigate the geometric structure of the two-qubit concurrence,
and show that in relevant cases the same structure is shared
by polynomial measures of higher degrees, such as the three-
tangle for three qubits. This allows us to evaluate the convex
roof of the three-tangle exactly in a variety of rank-2 states
of three qubits (for which no solution was available so far, to
our knowledge). We describe such instances in detail and also
show possible ways to extend our geometric method to more
general states.
The paper is organized as follows. In section II we describe
the geometry of polynomial entanglement measures for arbi-
trary rank-2 states and prove its relation to products of dis-
tances. In section III we reassess the convex roof problem for
the concurrence of two-qubit states in purely geometric terms.
In section IV we apply the same methods to provide an exact
solution to the convex roof problem for the three-tangle of
all rank-2 mixed states of three qubits with no more than two
unentangled pure states (two roots) in their range; we further
provide a complete classification of such states. In section V
we discuss extensions to more general polynomial measures
of entanglement. We summarize our results in section VI.
II. GEOMETRIC SETTING
In this paper, we will focus our attention on rank-2 states
of an arbitrary number of qudits. Given a rank-2 quantum
state ρ, it can always be written in its spectral decomposition
into the two eigenvectors {|φ0〉 , |φ1〉} corresponding to the two
non-zero eigenvalues {λ0, λ1},
ρ = λ0 |φ0〉 〈φ0| + λ1 |φ1〉 〈φ1| , (4)
with λ0 + λ1 = 1. We can then visualize the range of ρ as the
Bloch sphere with the two eigenvectors as poles, and any state
|ω〉 on the surface of the sphere as corresponding (up to nor-
malization) to a linear combination of the two eigenvectors,
|ω〉 = |φ0〉+ω |φ1〉 for someω ∈ C, with |φ1〉 itself correspond-
ing to a point ω at infinity. This, in fact, can be understood as
the stereographic projection from the Bloch sphere onto the
extended complex plane Cˆ = C ∪ {∞} (Fig. 1).
Let Ed denote a polynomial entanglement measure based on
a polynomial invariant Pd of degree d, as in Eq. (3). Let {|φ0〉,
|φ1〉} be the two eigenvectors of a rank-2 state ρ corresponding
to its non-zero eigenvalues. Then, the entanglement Ed of any
state |ω〉 in the range of ρ can be expressed as the absolute
value of a polynomial in one complex variable ω:
Ed
(
|φ0〉 + ω |φ1〉
)
= N
d∏
i=1
|ω − zi|, (5)
where N is a normalization constant, and {z1, . . . , zd} are the
roots of the polynomial Ed in Cˆ, defined by
Ed
(
|φ0〉 + zi |φ1〉
)
= 0. (6)
The convex hull of the points on the Bloch sphere correspond-
ing to these coefficients {zi} defines the zero polytope [23, 33].
This concept provides a useful representation of the set of all
separable states within the considered Bloch sphere, since the
entanglement as measured by the convex roof extension of Ed
has to vanish for any convex combination of pure separable
states (i.e., for any mixed state inside the zero polytope), but
will not vanish outside of their convex hull.
We proceed by explicitly normalising the state |ω〉 = |φ0〉 +
ω |φ1〉 and additionally dividing the expression (5) by the nor-
malization factors of all the states {|zi〉}, to obtain
1∏
i
√
1 + |zi|2
Ed
 |φ0〉 + ω |φ1〉√
1 + |ω|2
 = N ∏i |ω − zi|√
1 + |ω|2 d ∏i √1 + |zi|2 .
(7)
Let us now recall the definition of the chordal distance in the
stereographic projection, that is, the Euclidean distance be-
tween points xk on the sphere S 2 corresponding to their stere-
ographic projection ξk onto the extended complex plane Cˆ [34]
(see Fig. 1):
‖x1 − x2‖ = 2 |ξ1 − ξ2|√
1 + |ξ1|2
√
1 + |ξ2|2
, (8)
with
‖x1 −∞‖ = 2√
1 + |ξ1|2
. (9)
3C
|φ0〉
|φ1〉
|ω〉
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ω
z
FIG. 1. The Bloch sphere as the stereographic projection onto the complex plane (shaded blue plane). Every pure state |ω〉 with a Bloch vector
on the sphere corresponds to the point ω ∈ C which lies at the intersection of the plane with the line containing the Bloch vectors of |ω〉 and the
projection point |φ1〉. States in the upper hemisphere are mapped to the region of the plane inside the sphere, and states in the lower hemisphere
are mapped outside of it. The projection point itself, corresponding to the state |φ1〉, is mapped to a point at infinity.
Since the Bloch sphere is precisely an (inverse) stereographic
projection of Cˆ onto a sphere S 2, we identify the right-hand
side of Eq. (7) with a product of distances between pure-
state Bloch vectors defined by their respective complex co-
efficients. This leads to the simple relation
Ed
 |φ0〉 + ω |φ1〉√
1 + |ω|2
 = N2d ∏
i
√
1 + |zi|2
∏
i
‖ω − zi‖
= Nρ
∏
i
‖ω − zi‖
(10)
where ω and zi are the Bloch vectors corresponding to ω
and each zi, respectively, and we have introduced the normal-
ization constant Nρ explicitly dependent on the properties of
the density matrix of the state ρ whose eigenbasis defines the
Bloch sphere.
We have thus shown that the entanglement of any pure state
|ψ〉 in the range of a rank-2 state ρ can be quantified with any
polynomial measure Ed considering only the product of Eu-
clidean distances between the Bloch vector of the state |ψ〉
and the Bloch vectors of the d roots of the measure Ed on
the corresponding Bloch sphere. The value of the constant Nρ
rescales the entanglement in the range of a given state ρ ap-
propriately, and can be obtained by an explicit evaluation of
Ed on any pure state on the Bloch sphere with non-zero en-
tanglement, which is of course straightforward because Ed is
defined as a given polynomial function in the coefficients of
any pure-state vector.
This relation lets us immediately conclude that all polyno-
mial measures of entanglement for rank-2 states share a com-
mon geometric structure on the surface of the Bloch sphere,
and since the method of extending the measures to the inside
of the Bloch sphere by the convex roof only depends on the
values on the surface, the geometry will also remain equiva-
lent on the inside. In particular, given any two measures based
on a polynomial of the same degree and admitting the same
set of roots, their geometric structure in the Bloch ball will
be the same, and their values for all states will be equal up
to the normalization constant. The geometric structure is, in
fact, preserved between measures of a different degree in de-
generate cases — for example, as we will show in detail later,
a measure of a higher degree can be reduced to a measure of
lower degree if some of its polynomial roots {zi} are repeated.
We further note that the particular case of the Bloch ball
in R3 means that many measures of distances commonly em-
ployed in quantum information, such as the trace distance or
the Hilbert-Schmidt distance, are actually equivalent to the
Euclidean distance up to a constant factor [8] — a fact that
no longer applies in higher dimensions, but is nevertheless
useful in the present case of rank-2 states. Additionally, we
remark that the product of distances on the sphere is a rather
well-studied problem in mathematics, although usually only
in terms of maximising or minimising the product with re-
gards to the arrangement of points on the surface [35–37]; in
our setting the points on the surface are instead fixed, being
determined by the roots of Ed.
Let us now consider explicit applications of this result. We
will in particular re-derive known findings for the concurrence
of two-qubit states from a purely geometric perspective, and
use the same methods to obtain new results for the three-tangle
of rank-2 mixed states of three qubits.
4(a) (b)
FIG. 2. (a) The peanut-shaped surface is the locus of points with a constant product of distances to the two foci z1,z2. The intersection of the
surface with the unit sphere is then a curve of constant concurrence, here plotted for C = Nρ and a choice of the root points.
(b) The convex hull of the curves of constant concurrence. Each mixed state in the convex hull admits a flat decomposition into pure states
with the same value of concurrence.
III. CONCURRENCE OF TWO QUBITS
The concurrence C is defined for a pure state |ψ〉 ∈ C2 ⊗ C2
of two qubits as [20, 21, 38]
C
( |ψ〉 ) = 2 ∣∣∣ψ00ψ11 − ψ01ψ10∣∣∣ (11)
where ψi j are the coefficients of the state |ψ〉 in the computa-
tional basis. Since it is explicitly a polynomial entanglement
measure of degree 2, we can follow the results of section II
to obtain the concurrence of any pure state in the range of a
rank-2 state ρ by
C
(
|φ0〉 + ω |φ1〉
)
= Nρ ‖ω − z1‖ ‖ω − z2‖ (12)
for the two polynomial roots z1, z2.
To investigate the structure of this function for all mixed
states, we would first like to find curves of constant concur-
rence on the surface of the Bloch sphere. We thus consider
the locus of points such that their product of distances from
the two roots is constant. Such curves defined in the plane
R2 are called Cassini curves or Cassini ovals [39, 40], and we
visualize their extension as surfaces in R3 in Fig. 2(a). The
curves of constant concurrence are then the intersections of
these surfaces with the Bloch sphere.
The convex combinations of the two root points form the
zero polytope inside the sphere, which is reduced to a zero line
joining z1 and z2 and forming the axis of the Cassini surface.
We note that the concurrence on the surface of the sphere is
symmetric around the plane perpendicular to the zero line and
containing the midpoint between z1 and z1. Therefore, any
mixed state with a Bloch vector ρ inside the sphere can be
decomposed into two pure states of equal concurrence, lying
on opposite sides of the sphere with regards to the plane of
symmetry.
Let us now work in purely geometric terms and disregard
momentarily the scaling constant Nρ. Let P denote the product
of distances from a chosen point to the root points:
P(ρ | z1, · · · , zn) =
∏
i
‖ρ − zi‖. (13)
In the case under study (n = 2), we first consider as candidate
convex roof a function f (ρ) which corresponds to the product
of distances P(ρ | z1z2) for all points on the surface of the
sphere, and assigns to each mixed state ρ inside the sphere
the value of P for the pure states in its aforementioned convex
decomposition along a line parallel to the zero line z1z2 into
two states |ψ1〉 and |ψ2〉 of equal P, as indicated in Fig. 3.
Using the law of sines and elementary geometry, we obtain
f (ρ) = 2R h (14)
where R is the radius of the small circle of the sphere in the
plane containing ρz1z2, and h is the distance of ρ from the
zero line z1z2 (see Fig. 3). R can be obtained as
√
1 − s2,
where s is the distance of the plane containing the small cir-
cle to the center of the sphere. By construction, Nρ f (ρ) cor-
responds to the function considered by Hill and Wootters and
therefore to the mixed-state concurrence [20], but we will now
prove this result explicitly in the geometric approach to justify
its further generalizations.
Noting that f is constant in the direction parallel to the
zero line, we limit ourselves to the plane of symmetry of the
sphere, and introduce Cartesian coordinates (x, y) centered at
the point of intersection of this plane with the zero line. Let
ρc = (xρ, yρ) denote the projection of any state ρ along the
constant direction onto the plane (see Fig. 3). We then have
f (xρ, yρ) =
√
(1 − y2O)x2ρ + (1 − x2O)y2ρ, (15)
where (xO, yO) are the coordinates of the origin of the sphere.
It is now explicit that f is in fact a norm in this plane, and is
5therefore convex [41]. Since f (ρ) is constant in the direction
perpendicular to the plane of symmetry, it follows that f (ρ) is
convex on the whole Bloch ball. Additionally, we note that
Eq. (15) is the equation of an ellipse with the semi-major and
semi-minor axes given by, respectively, f (ρ)
(
1 − y2O
)−1/2
and
f (ρ)
(
1 − x2O
)−1/2
.
Now, assume that there exists a function f ′(ρ), correspond-
ing to a different decomposition of ρ, which also reduces
to P(ρ | z1z2) on the pure states and is also convex inside
the Bloch sphere, but is such that f ′(ρ) > f (ρ) for at least
one state ρ. Consider then the previously introduced de-
composition of ρ along the line parallel to the zero line as
ρ = p |ψ1〉 〈ψ1| + (1 − p) |ψ2〉 〈ψ2|. By convexity of f ′ we then
get
f ′(ρ) ≤ p f ′(|ψ1〉) + (1 − p) f ′(|ψ2〉)
= p f (|ψ1〉) + (1 − p) f (|ψ2〉)
= f (ρ),
(16)
which is a contradiction. Hence f is the largest convex func-
tion on the mixed states corresponding to P on the surface of
the sphere, and therefore constitutes the exact convex roof ex-
tension of the function to the whole ball [10]. Identifying the
concurrence C(ρ) with Nρ f (ρ), we obtain
C(ρ) = 2 Nρ R h (17)
as the convex roof extension of the concurrence to all rank-2
mixed states of two qubits. We note the explicit dependence of
the entanglement of a state on its distance from the set of sep-
arable states in the Bloch sphere, establishing a link between
geometric and algebraic (polynomial) approaches to entangle-
ment quantification as advocated in this paper.
We can now obtain an easily computable formula for the
concurrence of any rank-2 state ρ in the Bloch sphere by
considering a different convex decomposition. Choosing any
point zm lying on the zero line (including the roots z1, z2
themselves), we take the decomposition of ρ into the (possi-
bly mixed) separable state with the Bloch vector at zm and the
pure state |ψm〉whose Bloch vectorψm lies on the line contain-
ing ρ and zm (see Fig. 3). By elementary geometry, the value
of concurrence in this decomposition is equal to Eq. (17), and
so the concurrence of ρ can be obtained as
C(ρ) = C
( |ψm〉 ) ‖ρ − zm‖‖ψm − zm‖ , (18)
where the distances on the right-hand side can be evaluated
using the trace or Hilbert-Schmidt distances, providing a com-
putable formula in terms of the density matrices of the states.
We remark that if we choose the point zm to be defined as the
projection of ρ onto the zero line, the expression in Eq. (18)
corresponds to the so-called best separable approximation for
the concurrence of ρ [42], showing that the bound given by
this approximation is in fact tight on all rank-2 states. If, in-
stead, we take zm to be the midpoint between z1 and z2 (as
in Fig. 3), we get the unoptimized formula of the best zero-
E approximation [43], showing that this approximation (even
without further optimization [43, 44]) is tight for all rank-2
states.
|φ0〉
|φ1〉
|z1〉
|z2〉
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ρ
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FIG. 3. Quantifying the concurrence of any state ρ inside the Bloch
sphere of a two-root state. On the surface of the sphere, the two
root states |z1〉 and |z2〉 are the only separable pure states. The line
joining them then defines the zero line (thick blue line), and the per-
pendicular plane bisecting the zero line is the plane of symmetry of
concurrence (shaded red plane). The state ρ admits a decomposition
into two pure states of equal concurrence, |ψ1〉 and |ψ2〉. The value
of concurrence of ρ can then be expressed in terms of the distance
from the zero line (h) and the radius of the small circle of the sphere
containing ρ and the zero line (R). See main text for details.
Because the optimal decompositions into two states with
equal concurrence form straight lines through the sphere and
we have shown their cross-sections to form ellipses, the sur-
faces of constant concurrence inside the Bloch ball are elliptic
cylinders around the zero line, as first noted in [20]. These
can be understood as the convex hull of the curves of constant
concurrence. Explicitly, we consider such a curve on the sur-
face of the sphere and extend the corresponding function by
straight lines through the inside of the ball, as in Fig. 2(b).
This is then a surface of constant concurrence, because each
mixed state on this surface can be decomposed into two pure
states with equal concurrence. In fact, the same geometric
structure and optimal decompositions are shared by all poly-
nomial measures for states with only one or two distinct poly-
nomial roots (with equal multiplicities), i.e., for states whose
zero polytope reduces to a zero line as in the case of the con-
currence for all rank-2 states of two qubits. Analogous con-
structions can also be obtained for general polynomial mea-
sures of a higher degree, although such decompositions are
not always optimal, as we will explicitly show later.
Also worth noting is the fact that the geometric expressions
for concurrence in Eqs. (17) and (18) can simplify to more
straightforwardly computable formulas in several cases. If we
have a state ρ1 with only one root z = z1 = z2, the concurrence
in the state’s Bloch ball reduces to C(ρ1) = 2 Nρ1 hc where
hc is the distance from the Bloch point ρ1 to the plane tan-
6gent to the sphere at z, or alternatively the distance from z to
the center of the plane containing ρ1 and perpendicular to the
axis going through z (see [31]). This function is clearly linear
through the Bloch ball in one direction and constant through
the other two directions, meaning that the concurrence is an
affine function throughout the Bloch sphere and the convex
roof problem requires no minimization as it is constant for
all convex decompositions, as has been shown more explicitly
in [31]. The state |z′〉 with a Bloch vector z′ antipodal to z
is then the maximally entangled state in the range of ρ1. In
terms of density matrix coefficients, this gives
C(ρ1) = 2 Nρ1
∣∣∣1 − 〈z | ρ1| z〉 + 〈z′ | ρ1| z′〉∣∣∣
=
1
2
C
( |z′〉 ) ∣∣∣1 − 〈z | ρ1| z〉 + 〈z′ | ρ1| z′〉∣∣∣ . (19)
Another simplified expression occurs for states ρd whose
two root states |z1〉 and |z2〉 are orthogonal, 〈z1|z2〉 = 0, mean-
ing that the points z1 and z2 are antipodal to each other on the
surface of the sphere. This means that the plane containing
the zero line always contains the origin, and we have R = 1.
Any state |z′′〉 whose Bloch vector lies on the great circle of
the sphere perpendicular to the zero line then has the largest
entanglement in this Bloch sphere. Hence
C(ρd) = 2Nρd h
= 2C
( |z′′〉 ) |〈z1 | ρd | z2〉| . (20)
In this case the entanglement reduces, up to normalization,
to the l1-norm of coherence [45] in the eigenbasis of the two
roots {|z1〉 , |z2〉}.
More generally, let us remark once more that the concur-
rence of any two-qubit mixed state is already computable in
closed form thanks to Wootters’ formula [21], yet our geomet-
ric reformulation of the problem provides insights which will
be particularly precious in the more complicated case of poly-
nomial measures of entanglement for multipartite systems, as
we show in the next section.
IV. THREE-TANGLE OF THREE QUBITS
The basic idea of the previous section can be readily ex-
tended to τ, the polynomial measure of genuine tripartite en-
tanglement for three qubits known as the residual tangle, or
three-tangle [22]. For any pure state |ψ〉 ∈ C2 ⊗ C2 ⊗ C2, we
can write it as
τ
( |ψ〉 ) =4∣∣∣∣ψ2000 ψ2111 + ψ2001 ψ2110 + ψ2010 ψ2101 + ψ2100 ψ2011
− 2 (ψ000 ψ111 ψ001 ψ110 + ψ000 ψ111 ψ010 ψ101
+ ψ000 ψ111 ψ100 ψ011 + ψ001 ψ110 ψ010 ψ101
+ ψ001 ψ110 ψ011 ψ100 + ψ100 ψ011 ψ010 ψ101
)
+ 4
(
ψ000 ψ011 ψ101 ψ110 + ψ111 ψ100 ψ010 ψ001
) ∣∣∣∣ ,
where ψi jk are the coefficients of the state |ψ〉 in the computa-
tional basis. Since the expression defining the three-tangle is a
degree-4 homogeneous polynomial, for any rank-2 state ρ we
have in general four complex roots {zi}4i=1 and the pure-state
three-tangle in the range of ρ can be therefore expressed as
τ
(
|φ0〉+ω |φ1〉
)
= Nρ ‖ω−z1‖ ‖ω−z2‖ ‖ω−z3‖ ‖ω−z4‖. (21)
We further remark that using the square root of the three-
tangle
√
τ as a measure of entanglement, corresponding to
d = 4 and p = 1/2 in the general expression (3), is often
preferred to using the three-tangle itself due to the simpli-
fied SLOCC-invariant properties of polynomial measures with
dp = 2 for mixed qubit states [3, 29, 46]. However, the ge-
ometry of this measure still depends on the four roots of the
three-tangle, so we will discuss both cases in the following.
We can differentiate several situations which make under-
standing the curves of constant three-tangle easier for certain
states. The simplest case is when we only have one unique
root z1 with multiplicity four — the curves of constant en-
tanglement are then made of points equidistant from the one
root point z1, represented by circles on the sphere [Fig. 4(a)],
just as with the two-qubit concurrence. In the case of two
unique roots with equal multiplicity (which we will refer to as
the two-root case for simplicity), we regain the peanut-shaped
surfaces and the iso-entanglement curves of the concurrence
[Fig. 4(b)]. The other cases do not seem to admit an intuitive
explanation for their shape (other than a visual resemblance to
ginger roots) and are heavily dependent on the arrangement of
the polynomial roots on the Bloch sphere [Fig. 4(c), (d)].
A. Computable formulas and examples for one and two roots
We can easily obtain the convex roof of the three-tangle
using geometric methods for a state ρ1 with one or a state ρ2
with two repeated roots, since we can see that (in general, for
ρ2)
τ
(
|φ0〉 + ω |φ1〉
)
= Nρ2
(‖ω − z1‖ ‖ω − z2‖ )2, (22)
and the geometry of these cases fully corresponds to the case
of concurrence discussed in section III, so the quantification
of the three-tangle effectively reduces to the quantification of
the squared concurrence.
1. One root
In the one-root case, we again decompose ρ1 into a con-
vex decomposition that lies on the small circle of the sphere
equidistant from the root point, where all of the pure states
in the decomposition have the same entanglement. The three-
tangle is then given by
τ(ρ1) = 4 Nρ1 h
2
c
= 4 Nρ1
∣∣∣1 − 〈z | ρ1| z〉 + 〈z′ | ρ1| z′〉∣∣∣2 (23)
following the notation from section III. This particular case
is simplified further if we take our entanglement measure to
be the square root of the three-tangle, as then the measure is
of degree 2 and hence is in fact affine throughout the Bloch
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FIG. 4. Visualising curves of constant three-tangle on the Bloch sphere of rank-2 three-qubit states with (a) one, (b) two, (c) three, or (d) four
repeating roots. The orange surfaces are defined as the loci of points with a constant product of distances from the foci z1,z2,z3,z4 (the root
points). The intersections of the surfaces with the unit sphere represent curves of constant entanglement. The plots show: (a), (c) τ = 0.4Nρ,
(b), (d) τ = Nρ, for some choice of roots on the sphere.
sphere, taking the same value for any convex decomposition
of states in the range of ρ1, just as the concurrence [31]. Eval-
uating the convex roof of
√
τ is then trivial as no minimiza-
tion is necessary and all convex decompositions are optimal.
Explicit examples can be readily constructed and have been
considered in [31].
2. Two roots
In the general two-root case, noting that the the calculation
of the convex roof extension in section III will still apply since
the square of a non-negative convex function is still convex
[41], we simply get
τ(ρ2) = 4 Nρ2 R
2 h2
= 4 Nρ2 h
2 (1 − s2), (24)
as the convex roof extension of the three-tangle, with the sur-
faces of constant three-tangle again forming elliptic cylinders
inside the Bloch ball, as in Fig. 2(b). Following the notation
of Fig. 3, a computable formula in terms of density matrices
then becomes
τ (ρ2) = τ
( |ψm〉 ) ( ‖ρ − zm‖‖ψm − zm‖
)2
, (25)
or simply
√
τ(ρ2) =
√
τ
( |ψm〉 ) ‖ρ − zm‖‖ψm − zm‖ , (26)
for the square root of the three-tangle. This means, in partic-
ular, that any convex decomposition into a (possibly mixed)
separable state and a pure state will always be optimal for the
the case of the square root of the three-tangle for two-root
rank-2 states of three qubits, but not for the three-tangle it-
self because of the squared factor in Eq. (25). Again, example
cases of decompositions like this are the best W approxima-
tion [47] or the best zero-E approximation [43].
All simplified properties detailed in section III will also ap-
ply here. For instance, for states ρd whose two roots are or-
thogonal to each other, entanglement reduces to coherence in
8the eigenbasis of the root states, and we get
τ (ρd) = 4Nρd h
2
= 4 τ
( |z′〉 ) |〈z1 | ρd | z2〉|2 , (27)√
τ (ρd) = 2Nρd h
= 2
√
τ
( |z′〉 ) |〈z1 | ρd | z2〉| . (28)
As an explicit example, consider the Bloch sphere whose
two poles are the generalized W state [22]
|W〉 = a |001〉 + b |010〉 + c |100〉 , (29)
and the generalized flipped W state [25]
|W˜〉 = d |110〉 + e |101〉 + f |011〉 (30)
with a, b, c, d, e, f ∈ C, |a|2 + |b|2 + |c|2 = |d|2 + |e|2 + | f |2 = 1.
The states are explicitly orthogonal, and the three-tangle van-
ishes on both of them, meaning that convex combinations of
these two basis states also have zero three-tangle, and the main
(vertical) axis of the sphere will form the zero line. We can
then use the geometric approach to quantify the entanglement
of any state ρw inside this Bloch sphere, as measured by the
square root of the three-tangle, giving
√
τ(ρw) =2
√∣∣∣a2d2 + b2e2 + c2 f 2 − 2(abde + acd f + bce f )∣∣∣
× ∣∣∣〈W | ρw | W˜〉∣∣∣ ,
(31)
where we have explicitly calculated the normalization con-
stant appearing in Eq. (28).
B. Progress for three and four roots
To investigate the case of three or four different roots, we
can follow in principle the same idea. By constructing the
convex hull of the curves of constant three-tangle for a par-
ticular value of τ = τ0, we obtain the surface consisting of
mixed states ρ which can be decomposed into pure states all
having τ = τ0, and the smallest such decomposition (the sur-
face closest to the zero polytope) is a candidate for the optimal
decomposition of ρ. However, determining when such a de-
composition is in fact optimal still remains a non-trivial task,
and there does not appear to be a straightforward solution to
the problem in the general case. One reason why it has not
been possible so far to quantify the convex roof in these more
complex situations, geometrically or otherwise, is the loss of
the Bloch sphere symmetries that we could exploit in the one-
and two-root cases. Such symmetries seem to be a crucial
ingredient in analysing the properties of the convex roof ex-
tension. One can then look at special cases when the situation
is indeed symmetric.
1. Mixtures of GHZ and W states
The Greenberger-Horne-Zeilinger (GHZ) and W states rep-
resent two fundamental and inequivalent kinds of three-qubit
entanglement [14]. The solution of the convex roof problem
for their mixtures of the form
ρ(p) = p |GHZ〉 〈GHZ| + (1 − p) |W〉 〈W| , (32)
with 0 ≤ p ≤ 1, was first obtained by Lohmayer et al. [23]
and, along with its generalizations [24, 25, 29], still consti-
tutes one of the few cases where the exact quantification of
mixed-state three-tangle is available. We will show that a
procedure analogous to the one in [23] can be carried out in
purely geometric terms. To this aim, we can notice strong
symmetries in the Bloch sphere: the three-tangle has four
roots, but one of them is a pole of the sphere (the W state)
and the other three are the vertices of an equilateral triangle
parallel to the equatorial plane (see e.g. the figures and the
explicit derivations in [23, 24, 33]).
Let us analyse this case geometrically. We have a zero sim-
plex z1z2z3z4 whose base is an equilateral triangle z1z2z3
and the point z4 lies at the north pole of the Bloch sphere
(corresponding in our notation to the W state). We then want
to quantify the entanglement of states with Bloch vectors ρc
lying on the main axis of the sphere, by choosing a suitable
decomposition into states {ψi} on the surface of the sphere.
Due to the symmetry of the problem, all pure states lying on
planes perpendicular to the main axis will be equidistant from
z4. We can then choose three points ψ1,ψ2,ψ3 in the plane
containing ρc and perpendicular to the main axis for which
the product P(ψi|z1z2z3) will be the same: if the three points
form the vertices of another equilateral triangle in the plane,
then the three tetrahedra ψ1z1z2z3, ψ1z1z2z3, and ψ1z1z2z3
will be identical and so any such triangle in the plane defines a
constant decomposition of the state ρc. Out of these triangles,
we choose the one which minimizes the product of distances:
seeing as the curves of constant three-tangle spread out radi-
ally from each of the root points [Fig. 5(a)], such a triangle
can be obtained by choosing vertices ψ1,ψ2,ψ3 lying along
the meridians through z1, z2, z3.
To obtain a function which to every point ρc inside the ball
assigns the value of the product P calculated at one of the
vertices ψ1,ψ2,ψ3 from its decomposition, we employ some
elementary geometry, in particular the Pythagorean theorem
applied to different triangles in this construction. This gives
f (ρc) = P(ψi | z1z2z3z4)
=
√
h2 + (Rψ1ψ2ψ3 − Rz1z2z3 )2
√
H2 + R2ψ1ψ2ψ3
×
(
h2 + R2ψ1ψ2ψ3 + R
2
z1z2z3 + Rz1z2z3Rψ1ψ2ψ3
) (33)
where h is the distance of ρc to the zero simplex (i.e. to
the plane containing 4z1z2z3), H is the distance of ρc to z4
(pole), and R denotes the circumradius of the corresponding
triangle (the radius of the small circle of the sphere which
contains it). This clearly holds for any point ρ ∈ 4ψ1ψ2ψ3,
so any state inside of it has the same constant decomposition.
Since we are interested in the points ρc on the main axis of the
sphere, let us write f in one coordinate x centered at the point
of intersection of the main axis with 4z1z2z3 and increasing
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FIG. 5. (a) The radial spread of the curves of constant three-tangle from the zero simplex of GHZ and W mixtures (shaded pyramid). The
curves are plotted for τ =
√
3Nρ (blue curve), τ =
√
6Nρ (red curve) and τ = 3Nρ (yellow curve). We note that the Bloch sphere in our notation
is upside-down with respect to the one in [23].
(b) The function f (x) for the mixtures of GHZ and W states, with the normalization constant Nρ restored. We note that for x < 0 this
corresponds to the inside of the zero simplex, so the three-tangle in that region has to vanish. f (x) stays convex until x ≈ 0.14, after which a
different decomposition of the state ρ is necessary.
away from z4. We then get
f (x) = 2
√
x − xO + 1
×
√
1 + xO(x − xO) −
√(
x2O − 1
) [
(x − xO)2 − 1]
×
(√(
x2O − 1
) [
(x − xO)2 − 1] + 2xO(x − xO) + 2)
(34)
where xO is the coordinate of the origin of the sphere in these
coordinates. Since the entanglement has to vanish for all states
inside of the zero simplex (x ≤ 0), we are interested in values
of this function for positive x. However, by explicitly evaluat-
ing the second derivative of f (x), we see that this function is
convex only in an interval 0 ≤ x ≤ x′ for a value of x′ depend-
ing on xO, which means that this decomposition is in fact not
optimal for all states on the axis.
Going back to the specific case of GHZ and W mixtures,
this setting has xO = 6/
(
3 + 4 3
√
2
)
−1 and the function Nρ f (x),
as expected, corresponds to gI(p) in the notation of Ref. [23],
see Fig. 5(b). This function is convex up to a point x′ ≈ 0.14,
meaning that the flat decomposition is indeed optimal in this
region, but a different decomposition is necessary in the re-
gion x ≥ x′. In fact, it has been shown that the convex roof
of the three-tangle is given by the convex hull of the func-
tion Nρ f (x) [24, 33], and an analogous derivation of this fact
can be performed geometrically following the same steps. We
note, however, that there is no a priori reason why this should
hold in more general states which do not enjoy similar geo-
metric symmetries.
This shows that the geometric approach can indeed be use-
ful in understanding and quantifying the entanglement in more
complicated situations, although the constant decomposition
which was proven optimal in the one- and two-root cases is
no longer always optimal for all four-root states and additional
measures have to be taken to account for that.
C. Classification of rank-2 three-qubit states
We have shown that our geometric method allows us to
quantify the convex roof of the three-tangle (or its square root)
exactly in the specific cases of one- and two-root states. One
might then wonder what kinds of states obey these conditions,
and how common they are among all three-qubit states. To in-
vestigate this, we note that any rank-2 three-qubit state can be
obtained from a pure four-qubit state by tracing out one qubit,
allowing us to look at the set of all four-qubit pure states first.
A common way to classify states with regards to their en-
tanglement properties is to consider the equivalence classes
generated by SLOCC transformations [14], that is, to divide
the set of all states into classes of states which cannot be trans-
formed into each other by SLOCC. In fact, while three-qubit
states have only two such SLOCC-inequivalent classes (rep-
resented respectively by GHZ and W states), four qubits have
infinitely many such classes [14]. However, there does ex-
ist a way to group the SLOCC classes of four-qubit states
into nine families, each representing a fundamentally differ-
ent type of entanglement [48–50]. Each of these families can
be represented by a generating family of states |G µabcd〉 where
µ ∈ {1, . . . , 9} and a, b, c, d are complex parameters with non-
negative real part. The states |G µabcd〉 are defined (up to nor-
10
malization) as follows:
|G1abcd〉 =
a + d
2
( |0000〉 + |1111〉 ) + a − d
2
( |0011〉 + |1100〉 )
+
b + c
2
( |0101〉 + |1010〉 ) + b − c
2
( |0110〉 + |1001〉 ),
|G2abc〉 =
a + b
2
( |0000〉 + |1111〉 ) + a − b
2
( |0011〉 + |1100〉 )
+c
( |0101〉 + |1010〉 ) + |0110〉 ,
|G3ab〉 = a
( |0000〉 + |1111〉 ) + b ( |0101〉 + |1010〉 )
+ |0110〉 + |0011〉 ,
|G4ab〉 = a
( |0000〉 + |1111〉 ) + a + b
2
( |0101〉 + |1010〉 )
+
a − b
2
( |0110〉 + |1001〉 ) (35)
+
i√
2
( − |0001〉 − |0010〉 + |0111〉 + |1011〉 ),
|G5a〉 = a
( |0000〉 + |0101〉 + |1010〉 + |1111〉 )
+i |0001〉 + |0110〉 − i |1011〉 ,
|G6a〉 = a
( |0000〉 + |1111〉 ) + |0011〉 + |0101〉 + |0110〉 ,
|G7〉 = |0000〉 + |0101〉 + |1000〉 + |1110〉 ,
|G8〉 = |0000〉 + |1011〉 + |1101〉 + |1110〉 ,
|G9〉 = |0000〉 + |0111〉 ,
where we note that the formula for the generating state
|G4ab〉 was reported incorrectly in the original classification of
Ref. [48] and corrected later in Ref. [49] (see also [50]).
All states belonging to the µth class can then be constructed
as
|Ψµ〉 = L |G
µ
abcd〉
‖L |G µabcd〉 ‖
, (36)
where
L = A1 ⊗ A2 ⊗ A3 ⊗ A4, (37)
with Ai ∈ SL(2,C) denoting SLOCC transformations on each
qubit. Since the union of all nine classes spans the Hilbert
space of all four-qubit pure states [48], we can then obtain
any rank-2 three-qubit state as
ρ = Trk
 L |G µabcd〉 〈G µabcd | L†Tr (L |G µabcd〉 〈G µabcd | L†)
 (38)
for some choice of SLOCC transformations L in the class µ
and some values of a, b, c, d. Here, k ∈ {1, 2, 3, 4} denotes
which qubit is traced out from the four-qubit state.
To proceed with the classification of three-qubit states, we
note that since SLOCC operations on four-qubit states leave
the number of pure states with zero three-tangle in their re-
duced subsystems (i.e., the number of roots in the correspond-
ing zero polytopes) invariant [31], it is sufficient to investigate
the generating families |G µabcd〉 to obtain the number of three-
tangle roots for the three-qubit marginals of any state in the
corresponding classes. We also note that particular choices
of the parameters a, b, c, d can lead to degeneracies in the
SLOCC classes [18, 50], and so we classify these degener-
ate subclasses separately if the degeneracy leads to a different
number of roots. We then verify the number of polynomial
roots of the three-tangle in the linear combinations of eigen-
vectors for each reduced marginal.
We report our results in Table I. Remarkably, the marginals
of several classes of states have only one or two roots (with
equal multiplicites), which means that the general geometric
methods developed in this paper allow for the exact quantifi-
cation of the three-tangle of mixed states obtained from a sig-
nificant range of different types of entangled four-qubit states.
These properties can be seen to be particularly common in the
degenerate subclasses of the SLOCC classification.
An important incentive for quantifying the entanglement
exactly in the reduced subsystems of the generating states lies
in the fact that if one employs an entanglement measure of
degree dp = 2, the entanglement of a given state ρ and the
entanglement of any state LρL† obtained from it by a SLOCC
transformation are related by a simple linear scaling, analo-
gous to the case of polynomial invariants for pure states [29].
For example, for the square root of the three-tangle we have
√
τ
(
LρL†
Tr
(
LρL†
) ) = √τ
(
LρL†
)
Tr
(
LρL†
) . (39)
This means that, in the case of
√
τ, our results yield com-
putable methods for the exact determination of the entangle-
ment in all three-qubit rank-2 states generated via arbitrary
SLOCC transformations applied to any representative state in
the SLOCC classification of Table I with one or two roots
(with equal multiplicities). We also remark that given any
four-qubit pure state it is possible to identify the generating
family of the state’s SLOCC class by following the methods
and algorithms given in Refs. [51, 52].
V. GENERAL POLYNOMIAL MEASURES
The cases considered in this paper can be straightforwardly
generalized to any entanglement measure based on a polyno-
mial invariant of an even degree d: if a given state has only
one or two roots with equal multiplicities, one can employ the
geometric formulas for the concurrence to the d2 th power. For
multiqubit states, noting that there are no nontrivial invariants
of odd degree [53], this applies to all polynomial invariants of
interest. Explicitly, we have:
Ed (ρ1) = Nρ1 (2 hc)
d/2
= Ed
( |z′〉 ) (1
2
∣∣∣1 − 〈z | ρ1| z〉 + 〈z′ | ρ1| z′〉∣∣∣) d/2 , (40)
Ed (ρ2) = Nρ2 (2R h)
d/2
= Ed
( |ψm〉 ) ( ‖ρ − zm‖‖ψm − zm‖
) d/2
, (41)
in the notation of sections III and IV, for any polynomial en-
tanglement measure Ed and all rank-2 states with one (ρ1) or
two (ρ2) unentangled states in their range. All other simplified
properties and formulas discussed before still apply as well.
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TABLE I. The number of roots of the three-tangle for the linear combination of eigenvectors of reduced subsystems of the nine families of
four-qubit pure states and their degenerate subclasses. 2∗ denotes a state which has two roots, but they have unequal multiplicities. “Pure”
denotes reduced subsystems which are actually rank 1. Degenerate subclasses not included in the table have the same number of roots as the
generic subclass.
Class Subclass Number of roots in
Tr1 |Gµ〉 〈Gµ| Tr2 |Gµ〉 〈Gµ| Tr3 |Gµ〉 〈Gµ| Tr4 |Gµ〉 〈Gµ|
|G1abcd〉 Generic 4
a = ± b
a = ± c
a = ± d
b = ± c
b = ± d
c = ± d
2
a = ± b = ± c
a = ± b = ± d
a = ± c = ± d
b = ± c = ± d
4
|G2abc〉 Generic 3
a = ± b
c = 0
2
a = ± c
b = ± c 1
a = ± b = ± c
a = c = 0
4
a = b = c = 0 pure
|G3ab〉 Generic 3 2 3 2
a = ± b 1 4 1 4
a = 0
b = 0
2
a = b = 0 pure 4 pure 4
|G4ab〉 Generic 2∗
a = ± b
a = 0
b = 0
1
a = b = 0 4
|G5a〉 Generic 2∗ 1 2∗ 1
a = 0 1 4 1 4
|G6a〉 Generic 3 2 2 2
a = 0 pure 4 4 4
|G7〉 Generic 4 1 1 1
|G8〉 Generic 2∗ 1 1 1
|G9〉 Generic pure 4 4 4
More generally, the quantification of any polynomial mea-
sure with repeated roots will be reduced to the quantification
of a lower-degree measure — for instance, if a measure based
on a degree-8 polynomial has 4 repeated roots whose geom-
etry corresponds to a known solution for the three-tangle, we
can quantify its convex roof exactly using the solutions ob-
tained in the three-tangle case, etc. The geometric approach
itself is of course valid for any number of roots and any de-
gree of the polynomial measure, and may come in particu-
larly handy when one can exploit geometric symmetries of
the problem, as we have demonstrated by analysing the entan-
glement of mixtures of GHZ and W states of three qubits.
We further note that, since entanglement measures of ho-
mogeneous degree 2 are particularly useful thanks to their
simplified SLOCC rescaling properties [3, 29], one might con-
sider what happens when we take E2/dd as our measure, i.e.,
when we set p = 2/d in Eq. (3). The formula for the entan-
glement of a two-root state then becomes
E2/dd (ρ2) = [Ed
( |ψm〉 )]2/d ‖ρ − zm‖‖ψm − zm‖ , (42)
and we regain many of the even simpler and linear proper-
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ties of the concurrence, in particular the property that any
decomposition into one (possibly mixed) separable state and
one pure state is always optimal (see section III). As a result,
bounds obtained from the best zero-E approximation [43] are
tight for all two-root multiqubit states with no optimization
required. In the case of one-root states, measures of degree
2 enjoy the even stronger property that every convex decom-
position of a mixed state is in fact optimal, and the problem
of the convex roof becomes trivial [31]. This provides fur-
ther evidence for the privileged position of degree 2 among all
possible homogeneous degrees for polynomial entanglement
measures [29].
VI. CONCLUSIONS
We have shown that the quantification of polynomial mea-
sures of entanglement for rank-2 states of multipartite systems
can be understood in geometric terms, and in many relevant
cases these methods provide novel insights into the proper-
ties of such states as well as computable formulas for their
entanglement. In particular, for pure states in the range of a
rank-2 mixed state (geometrically spanning a Bloch sphere),
the quantification of any entanglement monotone based on a
polynomial invariant of homogeneous degree d corresponds
simply to measuring the product of Euclidean distances be-
tween the state’s Bloch vector and the d unentangled states
(polynomial roots) on the surface of the Bloch sphere. This
can then be used to obtain a more intuitive visual represen-
tation of the entanglement structure, providing novel efficient
ways to understand and quantify the convex roof extension
of all such polynomial entanglement measures to the set of
mixed states.
We have explicitly demonstrated that the convex roof of the
concurrence of two qubits [20, 21] can be reobtained by rely-
ing only on the geometric approach, and we have shown that
the quantification of the convex roof of any polynomial mea-
sure of entanglement, such as the three-tangle (or its square
root) for three qubits, is effectively reduced to the case of the
concurrence if the state whose entanglement is being com-
puted has only one or two unentangled roots in its range. Ad-
ditionally, we have shown that such one- and two-root states
in fact appear as the marginals of several classes of four-qubit
pure states.
The exact quantification of the convex roof in the one- and
two-root marginals of four-qubit states can help us gain a bet-
ter understanding of their entanglement distribution proper-
ties, such as the monogamy relations [22], regarded as a fun-
damental property of quantum entanglement [54–57]. For in-
stance, rather surprisingly, the one-root degenerate subclass of
class |G 2abc〉 (see Table I) yields one rare instance of four-qubit
states which violate a seemingly natural generalization of
the Coffman-Kundu-Wootters monogamy inequality [22, 58]
where multipartite entanglement is considered in addition to
the bipartite terms [59, 60].
The possibility of further generalising the methods pre-
sented here is open, but not straightforward. While the poly-
nomial invariants for larger systems can be obtained [17, 19]
and the geometric methods themselves could be extended to
a generalized Bloch vector formalism [61], states of a higher
rank do not, in general, admit a finite number of polynomial
solutions on the set of pure states. This makes a direct ap-
plication of our methods unfeasible, although constructing an
analogous approach for higher-rank states could certainly be
a possible extension of this work. Another direction of future
research would be to find classes of n-qubit or n-qudit states
whose properties allow for a simplified quantification of their
entanglement based on special geometric features, analogous
to one- and two-root states.
We hope that our methods can find their use in understand-
ing and characterising the intricate properties of multipartite
entanglement, and that the geometric insight they provide can
be successfully applied to quantify polynomial measures of
entanglement exactly in a wider variety of quantum states. In
particular, obtaining a closed formula for the (square root of)
three-tangle for all rank-2 states of three qubits, going beyond
the one-root case solved in [31] and the two-root case solved
here, would be a remarkable achievement.
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